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Introduction Minnesota Prior Adaptive Hierarchical Priors Summary

Vector autogressive model

tYt “ pY1t , . . . ,Yktq
1

P Rk ; t “ 1, . . . ,Tu follows VAR(p):

Yt “ A1Yt´1 ` A2Yt´2 ` ¨ ¨ ¨ ` ApYt´p ` c ` ϵt , ϵt „ 𝒩 p0k ,Σϵq

Becomes seemingly unrelated multivariate regression:
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Gives OLS: ÂLS
“ pX1

0X0q
´1X0Y0.
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Introduction Minnesota Prior Adaptive Hierarchical Priors Summary

Minnesota prior beliefs [Litterman, 1986]

‚ Minnesota prior by [Litterman, 1986]: based on the stylized facts of
macroeconomic data of US: model using unit root processes

‚ Minnesota moment:

E rpAℓqij s “

#

1 j “ i , ℓ “ 1

0 otherwise
, Var rpAℓqij s “

$

&

%

λ2

ℓ2
j “ i

ν λ2

ℓ2
σ2
i

σ2
j

otherwise,

‚ λ: Overall tightness

‚ ν ď 1: Relative tightness - λ ą νλ for cross-variable shrinkage

‚ 1{l2: Lag decay

‚ σ2
i {σ2

j : Scale factor with Σϵ “ diag
`

σ2
1 , σ

2
2 , . . . , σ

2
k

˘

‚ Shrink towards zero for longer lags

‚ Shrink own-lag less than cross-lag

‚ [Litterman, 1986]: Ridge regression in the
frequentist view

‚ [Bańbura et al., 2010]: Independent
normal-Wishart prior
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Themes for the talk

Vector heterogeneous autoregressive (VHAR) models for long-range dependent
time series

1 Independent normal-Wishart prior
‚ Closed form: MCMC not required
‚ Empirical Bayes: hyperparameter selection

2 Adaptive hierarchical priors
‚ Cholesky parameterization for contemporaneous effects
‚ Heavy tails with large mass at 0: shrink weak signals and keep strong signals
‚ Continuous shrinkage priors in the spirit of Minnesota prior: Horseshoe,

Normal-gamma, Dirichlet-Laplace, SSVS, hierarchical Minnesota, and
Generalized Double Pareto shrinkage
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Vector heterogeneous autoregressive model

‚ Heterogeneous autoregressive (HAR) model for long-range dependent
volatility: [Corsi, 2008]

‚ Multivariate extension: [Bubák et al., 2011]

‚ Penalization using adaptive lasso: [Baek and Park, 2021]

Daily tYtu follows VHAR(5, 22):

Yt “ ΦpdqYt´1 ` ΦpwqYpwq

t´1 ` ΦpmqYpmq

t´1 ` c ` ϵt ,

‚ Weekly aggregation: Ypwq

t´1:“
1
5

ř5
i“1 Yt´i

‚ Monthly aggregation: Ypmq

t´1:“
1
22

ř22
i“1 Yt´i
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Relation to VAR

VHAR is constrained VAR(22):

Yt “ pΦpdq
` 5´1Φpwq

` 22´1Φpmq
qYt´1 ` p5´1Φpwq

` 22´1Φpmq
qYt´2 ` ¨ ¨ ¨

` p5´1Φpwq
` 22´1Φpmq

qYt´5 ` 22´1ΦpmqYt´6 ` ¨ ¨ ¨ ` 22´1ΦpmqYt´22 ` c ` ϵt ,

giving:
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Multivariate regression:

Y0 “ X0

ˆ

C1
0 0
0 1

˙

Φ ` Z0 “: X1Φ ` Z0 „ ℳ𝒩 pX1Φ, IT´p,Σϵq

Gives OLS: pΦLS
“ pX1

1X1q
´1X1

1Y0.
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Independent normal-Wishart prior

Denote likelihood for reduced form of VHAR is:

pY0 | Φ,Σϵq „ ℳ𝒩 pX1Φ, In,Σϵq, n “ T ´ p

Conjugate prior:

pΦ | Σϵq „ ℳ𝒩 pM0,Ω0,Σϵq , pΣϵq „ ℐ𝒲 pΨ0, ν0q

[Bańbura et al., 2010] suggests adding dummy observations to compute
Minnesota moments easily:

YH :“

»

—

—

–

diag pδ1σ1, . . . , δkσkq {λ
0kpp´1qˆk

diag pσ1, . . . , σkq

01
k

fi

ffi

ffi

fl

, XH :“

»

–

diagp1, 2, 3q b diag pσ1, . . . , σkq {λ 0kp

0kˆkp 0k

01
kp ϵ

fi

fl

Since this makes ν “ 1, use hyperparameter δj for own-lag prior mean instead
of 1.
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Minnesota prior

pΦ | Σϵq „ ℳ𝒩 pM0,Ω0,Σϵq , pΣϵq „ ℐ𝒲 pΨ0, ν0q

where
#

M0:“
`

X1
HXH

˘´1 X1
HYH , Ω0:“

`

X1
HXH

˘´1

ZH :“YH ´ XHM0, Ψ0:“Z1
HZH , ν0:“ k ` 2

Closed form of posterior distribution based on augmented matrix:

Y˚ “

„

Y0

YH

ȷ

, X˚ “

„

X1

XH

ȷ

, Z˚ “

„

Z0

ZH

ȷ

,

pA | Σϵ,Y0q „ ℳ𝒩
´

pA,
`

X1
˚X˚

˘´1
,Σϵ

¯

, pΣϵ | Y0q „ ℐ𝒲
´

pΣ, ν0 ` n
¯

where

pA “
`

X1
˚X˚

˘´1 X1
˚Y˚, pΣ “

´

Y˚ ´ X˚
pΦ

¯1 ´

Y˚ ´ X˚
pΦ

¯

.

Posterior mean is OLS of augmented regression: Y˚ “ X˚Φ ` Z˚
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Minnesota Prior in VHAR: [Kim and Baek, 2024]

‚ Original Minnesota prior above: BVHAR-S

‚ In VHAR: Φpwq and Φpmq are related to long memory: BVHAR-L

E
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Use dummy response as

YL “

»

—

—

—

—

–

diag pd1σ1, . . . , dkσkq {λ
diag pw1σ1, . . . ,wkσkq {λ
diag pm1σ1, . . . ,mkσkq {λ

diag pσ1, . . . , σkq

01
k

fi
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fl

.
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Hyperparameter Selection: [Giannone et al., 2015]

‚ Choose hyperparameters γ “ pdj ,wj ,mj , λ, σjq
1 in a data-based manner

‚ Analytical form of BVHAR’s marginal likelihood:

rY0s “ π´kn{2 Γk ppν0 ` nq{2q

Γk pν0{2q
detpΩ0q

´k{2 detpΨ0q
ν0{2 detpX1

˚X˚q
´k{2 detpΣ̂q

´pν0`nq{2

9 detpΩ0q
´k{2 detpΨ0q

ν0{2 detpX1
˚X˚q

´k{2 detpΣ̂q
´pν0`nq{2,

‚ Ω0 “ LPL
1
P and Ψ´1

0 “ LUL
1
U for numerical stability

pγ “ argmin
γ

#

n

2
log detpΨ0q `

k

2

3k
ÿ

i“1

log pτi pγq ` 1q `
ν0 ` n

2

k
ÿ

j“1

log pκjpγq ` 1q

+

where τi pγq P R, i “ 1, . . . , 3k are the eigenvalues of L1
PX1

1X1LP and κjpγq P R,
j “ 1, . . . , k are the eigenvalues of L1

U

!

ẐH
1ẐH ` ppΦ ´ M0q

1Ω0ppΦ ´ M0q

)

LU .
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BVHAR-S
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BVHAR-L
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Posterior consistency: [Ghosh et al., 2018]

BVHAR satisfies posterior consistency with MNIW prior:

E0 rΠn p∥Φ ´ Φ0∥ ą ϵ | Y0qs Ñ 0 as n Ñ 8.

under the conditions of [Ghosh et al., 2018], which showed Bayesian VAR’s
posterior consistency.

Since VHAR’s Φ is linear upon VAR’s A, the theory can be easily shown in
BVHAR.

13/42



Introduction Minnesota Prior Adaptive Hierarchical Priors Summary

h-step-ahead Forecasting

Iteratively apply 1-step-ahead forecasts:

R1
T :“

`

Y1
T Y1

T´1 ¨ ¨ ¨ Y1
T´21 1

˘

ˆ

C1
0 0
0 1

˙

,

R̂1
T`h´1:“

´

pY1
T`h´1 ¨ ¨ ¨ pY1

T`1 Y1
T ¨ ¨ ¨Y1

T´h`20 1
¯

ˆ

C1
0 0
0 1

˙

Then

pYT`h | Σ,Y0q „ 𝒩
´

pYT`h,Σ b

´

1 ` R̂1
T`h´1pX1

˚X˚q
´1R̂T`h´1

¯¯

.

where
pYT`h “ pIk b R̂1

T`h´1qvecppΦq “ vec
´

R̂1
T`h´1

pΦ
¯

. (1)
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Empirical Study

‚ Volatility index (VIX): Measures the market’s fear level

‚ Calculate volatility using call and put options on an asset

‚ Calculate based on individual nine assets (Euro, gold, oil, etc)
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Pseudo out-of-sample forecasting performance measures with VAR(3) as benchmark

RMAFE RMSFE RMAPE RMASE

h “ 1 h “ 5 h “ 20 h “ 1 h “ 5 h “ 20 h “ 1 h “ 5 h “ 20 h “ 1 h “ 5 h “ 20

VHAR 0.964 0.895 0.734 0.943 0.799 0.552 0.970 0.891 0.744 0.958 0.875 0.737

BVAR(3) 0.943 0.830 0.703 0.916 0.737 0.494 0.945 0.811 0.718 0.932 0.806 0.710

BVHAR-S 0.945 0.828 0.681 0.915 0.731 0.457 0.947 0.812 0.701 0.934 0.806 0.688

BVHAR-L 0.937 0.798 0.538 0.880 0.679 0.300 0.935 0.773 0.531 0.918 0.787 0.540

16/42



Introduction Minnesota Prior Adaptive Hierarchical Priors Summary

Conclusion

‚ Minnesota prior and VHAR’s long memory structure

‚ Improves forecasting

‚ Diagonal structure of Σϵ is still possible for structural analysis such as
impulse response [Bańbura et al., 2010]

‚ But nowadays, use a practical setting that has contemporaneous effects in
the model, also with heteroskedastic covariance Σt
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VHAR with Cholesky Parameterization

From [Pourahmadi, 1999, Smith and Kohn, 2002, Cogley and Sargent, 2005],

Σ´1
“ L1D´1L

Let Xt :“ pY1
t´1, . . . ,Y

1
t´22, 1q

1
P R22k`1:

Yt “ Φ1C0Xt ` ϵt “ Φ1X̃t ` L´1D1{2ut , putq „ 𝒩 p0k , Ikq

where

L “

»

—

—

—

—

—

–

1 0 0 ¨ ¨ ¨ 0
a21 1 0 ¨ ¨ ¨ 0
a31 a32 1 ¨ ¨ ¨ 0
...

... ¨ ¨ ¨
...

...
ak1 ak2 ¨ ¨ ¨ ak,k´1 1

fi

ffi

ffi

ffi

ffi

ffi

fl

, D “ diag pd1, d2, . . . , dkq .

Impose prior:

pϕq „ 𝒩 pϕ0, Sϕq, paq „ 𝒩 pa0, Saq, pdi q „ 𝒢´1
ps0, s1q, i “ 1, . . . , k
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Corrected Triangular Algorithm: [Carriero et al., 2022]

‚ Per-equation: Yj “ Xjϕj ` uj , pujq „ 𝒩 p0K , IK q, where

Yj “ vec
´

pY0 ´ X1Φ
pj“0q

qL1
j : k, : m D˚

¯

, Xj :“ pLj :k,j b X1q m D˚,

D˚:“
´

1n b p
?
d1,

?
d2, . . . ,

a

dkq

¯

: ,j :k
,

Φpj“0q
“

`

ϕ1, . . . ,ϕj´1, 0K ,ϕj`1, . . . ,ϕk

˘

.

‚ Gives full posterior
`

ϕj | ´
˘

„ 𝒩
`

µ̄, V̄
˘

where

V̄´1
“ S´1

ϕj
` X 1

j Xj , µ̄ “ V̄ pS´1
ϕj

ϕ0,j ` X 1
j Yjq.

‚ Precision sampler of [Rue, 2002]

‚ Orthogonalized innovation regression for a: D´1{2
j ϵ̃j “ D´1{2

j Ejaj ` vj ,
j “ 2, . . . , k where ϵ̃j is j-th column of Z0, aj “ paj1, . . . , aj,j´1q

1,
Ej “ pϵ̃1, . . . , ϵ̃j´1q P Rnˆpj´1q, Dj “ diagpdj , . . . , djq P Rnˆn, and
pvjq „ 𝒩 p0n, Inq
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Continuous Shrinkage Priors

Recall:
pϕq „ 𝒩 p0Kϕ , Sϕq, paq „ 𝒩 p0Ka , Saq

‚ Same prior on both ϕ, a
‚ Grouped global-local (GGL) priors: Horseshoe, Normal-Gamma (NG), and

Dirichlet-Laplace (DL)
‚ Stochastic search variable selection (SSVS) prior
‚ Minnesota prior
‚ Generalized Double Pareto shrinkage

‚ Normal prior on the constant term [George et al., 2008]

pcq „ 𝒩 p0k , cIkq
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Grouped Global-Local Priors: [Xu et al., 2017]

pϕi | τ, ηj , λi q „ 𝒩 p0, τ 2η2
j λ

2
i q

‚ τ : global

‚ ηj : group (𝒫j)
j “ 1, . . . , 6

‚ λi : local i “ 1, . . . ,Kϕ

‚ Normal-Gamma,
Dirichlet-Laplace, and
Horseshoe

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

2 1 ¨ ¨ ¨ 1 1
1 2 ¨ ¨ ¨ 1 1
...

...
...

...
...

1 1 ¨ ¨ ¨ 1 2
4 3 ¨ ¨ ¨ 3 3
3 4 ¨ ¨ ¨ 3 3
...

...
...

...
...

3 3 ¨ ¨ ¨ 3 4
6 5 ¨ ¨ ¨ 5 5
5 6 ¨ ¨ ¨ 5 5
...

...
...

...
...

5 5 ¨ ¨ ¨ 5 6

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

„

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

η2 η1 ¨ ¨ ¨ η1
η1 η2 ¨ ¨ ¨ η1
...

...
...

...
η1 ¨ ¨ ¨ η1 η2
η4 η3 ¨ ¨ ¨ η3
η3 η4 ¨ ¨ ¨ η3
...

...
...

...
η3 ¨ ¨ ¨ η3 η4
η6 η5 ¨ ¨ ¨ η5
η5 η6 ¨ ¨ ¨ η5
...

...
...

...
η5 ¨ ¨ ¨ η5 η6

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl
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Normal-Gamma Prior: [Caron and Doucet, 2008, Griffin and Brown, 2010, Huber and Feldkircher, 2019]

For λ̃2
i “ τ 2η2

j λ
2
i (i P 𝒫j),

´

λ̃2
i | τ 2, η2

j

¯

„ 𝒢

˜

νj ,
νj

τ 2η2
j

¸

,
´

η2
j

¯

„ 𝒢´1
pb0, b1q,

´

τ 2
¯

„ 𝒢´1
pc0, c1q

ñ Gibbs sampler

pνjq „ ℰ𝓍𝓅p1q ñ MH

‚ Tails of ϕi decreases in
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Dirichlet-Laplace Prior: [Bhattacharya et al., 2015, Zhang and Bondell, 2017, Kastner and Huber, 2020]

pϕi | λi , ρj , τq „ 𝒟ℰpτλiηjq

ô pϕi | τ, ηj , λi q „ 𝒩 p0, νiτ
2η2

j λ
2
i q, i “ 1, . . . ,Kϕ, pνi q „ ℰ𝓍𝓅p

1

2
q

`

pλ1, . . . , λKϕq
1
˘

„ 𝒟𝒾𝓇pα, . . . , αq,
´

η2
j

¯

„ 𝒢 pc0, c1q, pτq „ 𝒢 pKϕα,
1

2
q, i P 𝒫j

Griddy Gibbs [Ritter and Tanner, 1992] for α on rK´1
ϕ , 0.5s
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Horseshoe Prior: [Carvalho et al., 2009, Carvalho et al., 2010]

pλi q „ 𝒞`
p0, 1q, pηjq „ 𝒞`

p0, 1q, pτq „ 𝒞`
p0, 1q, i P 𝒫j

ô [Makalic and Schmidt, 2016]:

´

λ2
i | νi

¯

„ 𝒢´1
p1{2, 1{νi q,

´

η2
j | ρj

¯

„ 𝒢´1
p1{2, 1{ρjq,

´

τ 2
| ξ

¯

„ 𝒢´1
p1{2, 1{ξq

pνi q , pρjq , pξq „ 𝒢´1
p1{2, 1q
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SSVS Prior: [George and McCulloch, 1993, George et al., 2008, Ishwaran and Rao, 2005]

pϕi | γi , τ1i q „ 𝒩 p0, τ 2
1i q

loooomoooon

Slab

γi ` 𝒩 p0, pcττ1i q
2
q

looooooomooooooon

Spike

p1 ´ γi q, cτ P p0, 1q

pγi | pjq „ ℬℯ𝓇ppjq, ppjq „ ℬℯ𝓉𝒶ps1j , s2jq, i P 𝒫j , j “ 1, . . . , 6

‚ Full Bayesian approach to choose τ 2
1i :

`

τ 2
1i

˘

„ 𝒢´1
pa0, a1q

‚ Griddy Gibbs for cτ on p0, 1q
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Hierarchical Minnesota Prior: [Cross et al., 2020, Chan, 2021, Chan, 2022, Gruber and Kastner, 2022]

Var
´

Φpℓq

ij

¯

“

$

&

%

λ2

ℓ2
j “ i

ν λ2

ℓ2
σ2
i

σ2
j

otherwise.
, Varpaijq “ λ˚2

‚ Cross-variable shrinkage: λ ą νλ to control own and other lags

‚ Gamma prior on λ and λ˚: pλq „ 𝒢 pα, βq

‚ Griddy Gibbs [Ritter and Tanner, 1992] for ν on p0, 1q

‚ Semi-hierarchical: no prior for σ2
i
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Generalized Double Pareto Shrinkage Prior: [Armagan et al., 2013]

pϕi | λi q „ 𝒢𝒟𝒫 pδ{r , rq

ô rϕi | r , δs “
1

δ{r

ˆ

1 `
1

r

|ϕi |
δ{r

˙´pr`1q

ô pϕi | λi q „ 𝒩 p0, λ2
i q,

´

λ2
i | ηj

¯

„ ℰ𝓍𝓅pη2
j {2q, pηjq „ 𝒢 pr , δq, i P 𝒫j

‚ Add group structure for ηj

‚ Griddy Gibbs for 1{p1 ` rq and
1{p1 ` δq on p0, 1q.
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Signal Adaptive Variable Selector: [Ray and Bhattacharya, 2018]

Sparsification via posterior summaries:

ϕ˚
j “ argmin

ϕj

#

∥X1ϕ̂j ´ X1ϕj∥
2
2 `

ÿ

i

µij |ϕij |

+

,

‚ µij “ 1{|ϕ̂ij |2: more penalties to the small posterior mean

‚ Single iteration of coordinate descent

‚ Sparse draws by applying to each
draw [Huber et al., 2021, Hauzenberger et al., 2021]

ϕ
˚pbq

ij “ signpϕ
pbq

ij q∥X1 i∥´2
´

|ϕpbq

ij |∥X1 i∥2 ´ µij

¯

`
,

‚ Set zero-penalty to prevent over-shrinkage in own lag:

µij “

#

0 own-lag

1{|ϕ̂ij |2 otherwise,
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Simulation Study

pϕi q „ p1 ´ γi q𝒩 p0, s21i q ` γi𝒩 p0, s20i q, pγi q „ ℬℯ𝓇ppi q

paijq „ p1 ´ ωijq𝒩 p0, κ2
1ijq ` ωij𝒩 p0, κ2

0ijq, pωijq „ ℬℯ𝓇pqijq

pdi q „ 𝒢´1
p3, 1q

Sparse Intermediate Dense

Non-zero sd Non-zero sd Non-zero sd

ϕ

Daily
Own-lag 0.8 0.3 0.8 0.3 0.8 0.25
Cross-lag 0.02 0.25 0.2 0.1 0.8 0.1

Weekly
Own-lag 0.8 0.25 0.8 0.2 0.8 0.2
Cross-lag 0.02 0.2 0.2 0.05 0.8 0.05

Monthly
Own-lag 0.8 0.2 0.8 0.15 0.8 0.15
Cross-lag 0.02 0.15 0.2 0.01 0.8 0.01

a 0.02 0.2 0.2 0.1 0.8 0.01

‚ k “ 10, k “ 20, and k “ 40

‚ High-dimension (3k “ K ą n “ T ´ 22), approximately high-dimension,
and low dimension
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k “ 10

DGP Sparse Intermediate Dense

Φ Σ´1 Φ Σ´1 Φ Σ´1

Model k T Dense Sparse Dense Sparse Dense Sparse Dense Sparse Dense Sparse Dense Sparse

40 6.609 0.603 6.609 0.603 8.129 0.598 8.129 0.598 2.518 0.299 2.518 0.298
50 3.608 0.409 3.608 0.408 4.460 0.410 4.460 0.410 1.707 0.269 1.707 0.267

Minnesota

80 2.355 0.270 2.355 0.267 2.707 0.264 2.707 0.259 1.237 0.186 1.237 0.183
40 3.320 0.734 1.610 0.733 4.148 0.724 1.920 0.723 2.702 0.603 1.326 0.602
50 3.402 0.611 1.631 0.610 4.235 0.603 1.880 0.601 3.049 0.464 1.469 0.460

SSVS

80 3.755 0.370 1.828 0.363 4.576 0.367 2.090 0.355 3.325 0.231 1.600 0.214
40 4.024 0.479 3.738 0.473 4.624 0.506 4.286 0.496 2.096 0.400 1.857 0.386
50 1.109 0.431 1.062 0.426 1.090 0.448 1.026 0.438 1.276 0.335 1.179 0.318

Horseshoe

80 1.000 0.345 0.975 0.334 1.029 0.345 0.983 0.319 0.888 0.244 0.850 0.223
40 1.548 0.522 1.362 0.511 1.753 0.603 1.529 0.594 2.352 0.902 1.893 0.895
50 1.036 0.357 1.018 0.344 1.173 0.442 1.083 0.427 1.669 0.462 1.458 0.453

NG

80 1.008 0.253 0.988 0.237 0.965 0.278 0.948 0.247 0.902 0.226 0.840 0.207
40 3.411 0.578 3.015 0.578 2.124 0.578 1.793 0.579 2.336 0.572 1.958 0.551
50 1.017 0.488 0.988 0.491 1.140 0.508 1.030 0.499 1.348 0.470 1.158 0.438

DL

80 0.992 0.374 0.987 0.364 1.032 0.391 1.007 0.358 0.935 0.330 0.851 0.291
40 0.989 0.369 0.984 0.369 0.999 0.400 0.989 0.400 0.947 0.307 0.955 0.307
50 0.982 0.318 0.981 0.318 0.984 0.351 0.981 0.351 0.933 0.289 0.949 0.289

GDP

10

80 0.961 0.267 0.966 0.267 0.965 0.287 0.963 0.287 0.843 0.219 0.883 0.219
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k “ 20

DGP Sparse Intermediate Dense

Φ Σ´1 Φ Σ´1 Φ Σ´1

Model k T Dense Sparse Dense Sparse Dense Sparse Dense Sparse Dense Sparse Dense Sparse

50 4.894 0.442 4.894 0.442 4.419 0.430 4.419 0.430 1.701 0.352 1.701 0.352
80 2.654 0.298 2.654 0.297 2.502 0.302 2.502 0.301 1.139 0.267 1.139 0.267

Minnesota

140 2.205 0.236 2.205 0.235 1.707 0.283 1.707 0.275 0.906 0.187 0.906 0.187
50 2.838 0.749 1.184 0.749 2.985 0.751 1.173 0.751 1.829 0.791 1.039 0.791
80 4.352 0.533 1.764 0.530 4.517 0.538 1.765 0.533 2.849 0.596 1.473 0.594

SSVS

140 5.357 0.320 2.466 0.306 5.517 0.372 2.445 0.347 3.418 0.299 1.746 0.289
50 1.314 0.458 1.139 0.437 1.424 0.497 1.234 0.472 1.136 0.576 1.049 0.572
80 1.633 0.409 1.522 0.387 1.403 0.446 1.265 0.416 1.034 0.444 1.055 0.438

Horseshoe

140 1.599 0.332 1.398 0.302 1.311 0.391 1.123 0.351 0.860 0.303 0.937 0.293
50 1.117 0.423 1.002 0.408 1.596 0.550 1.403 0.535 1.130 0.699 1.075 0.696
80 1.392 0.314 1.301 0.299 1.677 0.359 1.584 0.331 0.874 0.287 0.954 0.280

NG

140 1.047 0.262 0.975 0.243 1.012 0.319 0.964 0.286 0.772 0.211 0.930 0.203
50 3.406 0.787 2.696 0.691 3.811 0.801 3.092 0.705 2.235 0.961 1.836 0.863
80 1.833 0.527 1.609 0.496 1.806 0.554 1.528 0.515 1.209 0.607 1.126 0.597

DL

140 1.650 0.411 1.392 0.367 1.345 0.464 1.085 0.409 0.865 0.405 0.932 0.389
50 0.971 0.294 0.931 0.294 0.967 0.335 0.954 0.335 0.905 0.409 0.967 0.409
80 0.963 0.278 0.900 0.278 0.939 0.308 0.921 0.308 0.835 0.296 0.946 0.296

GDP

20

140 0.947 0.227 0.871 0.227 0.900 0.267 0.884 0.267 0.759 0.209 0.924 0.209

31/42



Introduction Minnesota Prior Adaptive Hierarchical Priors Summary

k “ 40

DGP Sparse Intermediate Dense

Φ Σ´1 Φ Σ´1 Φ Σ´1

Model k T Dense Sparse Dense Sparse Dense Sparse Dense Sparse Dense Sparse Dense Sparse

80 3.271 0.321 3.271 0.321 3.141 0.345 3.141 0.344 0.982 0.289 0.982 0.289
140 1.875 0.196 1.875 0.195 1.794 0.240 1.794 0.237 0.806 0.212 0.806 0.212

Minnesota

260 1.351 0.168 1.351 0.165 1.301 0.234 1.301 0.222 0.695 0.197 0.695 0.197
80 2.702 0.772 1.183 0.772 2.728 0.777 1.204 0.777 1.508 0.882 0.963 0.882
140 4.753 0.525 1.990 0.523 4.878 0.542 2.004 0.539 2.699 0.637 1.429 0.636

SSVS

260 6.379 0.260 2.984 0.241 6.448 0.317 2.946 0.287 3.416 0.296 1.810 0.285
80 1.413 0.415 1.346 0.393 1.155 0.452 1.094 0.428 0.965 0.619 1.009 0.617
140 0.984 0.335 0.973 0.307 1.019 0.387 1.005 0.353 0.825 0.441 0.971 0.436

Horseshoe

260 0.865 0.281 0.883 0.248 0.835 0.346 0.899 0.297 0.684 0.328 0.927 0.319
80 1.141 0.434 1.056 0.428 1.202 0.436 1.116 0.427 0.847 0.335 0.964 0.333
140 0.914 0.244 0.890 0.234 0.887 0.288 0.895 0.271 0.738 0.243 0.951 0.239

NG

260 0.905 0.206 0.898 0.193 0.817 0.266 0.875 0.241 0.644 0.228 0.933 0.222
80 4.047 1.458 3.574 1.066 4.423 1.452 3.842 1.136 3.636 2.047 3.175 1.882
140 1.221 0.498 1.166 0.439 1.159 0.529 1.097 0.476 0.931 0.663 1.009 0.659

DL

260 0.882 0.369 0.879 0.311 0.879 0.428 0.897 0.359 0.716 0.469 0.930 0.457
80 0.911 0.238 0.890 0.238 0.932 0.278 0.933 0.278 0.813 0.309 0.950 0.309
140 0.856 0.186 0.844 0.186 0.868 0.232 0.885 0.232 0.733 0.228 0.937 0.228

GDP

40

260 0.819 0.159 0.814 0.159 0.810 0.215 0.864 0.215 0.653 0.204 0.922 0.204
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Empirical Study

Quarterly macroeconomic time series [McCracken and Ng, 2020] with
‚ Train: 2000 Q1 to 2012 Q4 (52 points)
‚ Validation: 2013 Q1 to 2018 Q4 (24 points, shaded)
‚ 21 variables selected by [Gruber and Kastner, 2022]
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Pseudo out-of-sample forecasting performance with dense BVHAR-DL as benchmark

RMAFE RMSFE

h “ 1 h “ 5 h “ 20 h “ 1 h “ 5 h “ 20

dense 1.002 ˆ 10´6 2.682 ˆ 10´6 0.000 215 9 1.343 ˆ 10´12 5.906 ˆ 10´12 3.501 ˆ 10´8DL

sparse 9.051 ˆ 10´7 2.614 ˆ 10´7 3.407 ˆ 10´7 1.269 ˆ 10´12 2.199 ˆ 10´13 2.932 ˆ 10´13

dense 3.475 ˆ 10´30 3.536 ˆ 10´31 1.18 ˆ 10´32 1.074 ˆ 10´60 6.912 ˆ 10´62 9.663 ˆ 10´65GDP

sparse 3.474 ˆ 10´30 3.497 ˆ 10´31 1.126 ˆ 10´32 1.066 ˆ 10´60 6.702 ˆ 10´62 8.814 ˆ 10´65

dense 5.495 ˆ 10´30 3.57 ˆ 10´29 9.97 ˆ 10´31 1.014 ˆ 10´59 4.472 ˆ 10´57 2.412 ˆ 10´60Horseshoe

sparse 4.957 ˆ 10´30 1.66 ˆ 10´29 9.23 ˆ 10´31 7.004 ˆ 10´60 8.768 ˆ 10´58 3.808 ˆ 10´60

dense 3.396 ˆ 10´30 3.486 ˆ 10´31 3.57 ˆ 10´30 1.024 ˆ 10´60 6.698 ˆ 10´62 1.554 ˆ 10´59Minnesota

sparse 3.382 ˆ 10´30 3.572 ˆ 10´31 1.272 ˆ 10´32 1.002 ˆ 10´60 6.972 ˆ 10´62 1.095 ˆ 10´64

dense 3.476 ˆ 10´30 3.534 ˆ 10´31 1.166 ˆ 10´32 1.075 ˆ 10´60 6.91 ˆ 10´62 9.49 ˆ 10´65NG

sparse 3.478 ˆ 10´30 3.528 ˆ 10´31 1.16 ˆ 10´32 1.073 ˆ 10´60 6.846 ˆ 10´62 9.322 ˆ 10´65

dense 3.482 ˆ 10´30 3.569 ˆ 10´31 1.427 ˆ 10´25 1.078 ˆ 10´60 7.013 ˆ 10´62 6.135 ˆ 10´51

BVAR(3)

SSVS

sparse 3.483 ˆ 10´30 3.533 ˆ 10´31 1.667 ˆ 10´32 1.076 ˆ 10´60 6.868 ˆ 10´62 1.938 ˆ 10´64

DL sparse 1.009 0.3047 0.026 56 0.8846 0.167 0.001 107

dense 3.476 ˆ 10´30 3.528 ˆ 10´31 1.168 ˆ 10´32 1.074 ˆ 10´60 6.87 ˆ 10´62 9.483 ˆ 10´65GDP

sparse 3.479 ˆ 10´30 3.496 ˆ 10´31 1.123 624 ˆ 10´32 1.064 ˆ 10´60 6.657 ˆ 10´62 8.703 186 ˆ 10´65

dense 3.019 ˆ 10´25 5.823 ˆ 10´26 1.199 ˆ 10´32 1.06 ˆ 10´49 2.064 ˆ 10´50 1.077 ˆ 10´64Horseshoe

sparse 3.769 ˆ 10´25 1.937 ˆ 10´26 1.192 ˆ 10´32 2.269 ˆ 10´49 4.264 ˆ 10´51 9.766 ˆ 10´65

dense 3.369 ˆ 10´30 3.461 ˆ 10´31 6.773 ˆ 10´29 1.007 ˆ 10´60 6.594 ˆ 10´62 6.991 ˆ 10´57Minnesota

sparse 3.355 609 ˆ 10´30 3.344 033 ˆ 10´31 1.236 ˆ 10´32 9.926 776 ˆ 10´61 6.073 716 ˆ 10´62 1.088 ˆ 10´64

dense 3.485 ˆ 10´30 3.551 ˆ 10´31 1.151 ˆ 10´32 1.081 ˆ 10´60 6.983 ˆ 10´62 9.257 ˆ 10´65NG

sparse 3.491 ˆ 10´30 3.558 ˆ 10´31 1.146 ˆ 10´32 1.08 ˆ 10´60 6.944 ˆ 10´62 9.058 ˆ 10´65

dense 3.477 ˆ 10´30 3.579 ˆ 10´31 3.141 ˆ 10´24 1.075 ˆ 10´60 6.986 ˆ 10´62 3.866 ˆ 10´48

BVHAR

SSVS

sparse 3.48 ˆ 10´30 3.554 ˆ 10´31 2.715 ˆ 10´32 1.075 ˆ 10´60 6.97 ˆ 10´62 7.392 ˆ 10´64

‚ BVHAR(4, 20) is better than BVAR(3)
‚ Minnesota prior is good at short-term forecasting (Quarter-on-quarter and

Year-on-year)
‚ Sparsified GDP prior is the best in long-term forecasting (5 YoYs)
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Conclusion

‚ Implements shrinkage priors in BVHAR framework

‚ Minnesota-type GDP prior works well with time series forecasting

‚ SAVS improved macroeconomic forecasts
‚ Ongoing

‚ In macroeconomic forecasting, the sample size was too small to capture
long memory: need a longer set

‚ Financial data: 15 CBOE VIX series
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Summary

‚ Long memory adaptive Minnesota prior with VHAR
‚ Posterior consistency
‚ Enhance forecasting

‚ Group structure usage for VHAR in shrinkage priors

‚ Sparsification of individual draws using SAVS
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Future works

‚ Software package: R and Python packages based on C++ codes (R
package bvhar available in CRAN)

‚ Volatility spillovers [Diebold and Yilmaz, 2012, Diebold and Yılmaz, 2014,
Deng and Matteson, 2022]

‚ Stationarity: Force stable MCMC draws to get good forecast
values [Heaps, 2023]

‚ Time series variable selection: Choosing exogenous variables using
row-wise sparsity [Bai and Ghosh, 2018]

‚ Time-varying coefficients and volatilities: Σ´1
t “ L1D´1

t L

‚ Matrix-valued time series [Chan and Qi, 2024]
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Thanks for your attention!

Any questions?
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