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Vector autogressive model

{(Ye=Mt,...,Y) €R5;t =1,..., T} follows VAR(p):

Ye=AYe1+AYr o+ +AYip+c+e, €~ ./V(Ok, Ze)

Becomes seemingly unrelated multivariate regression:

A/
;,+1 Y;, e Yi 1 All E;H»l
7 ’ / 2 7
YP+2 Yp+1 e Yg 1 ) €pt2
. = . . . . s
. : . . A
’ ’ / p ’
Y7 T - Yrp, 1)\ €T
— ——
Yo Xo ) Zo

~ AN (XoA, I p, X

Gives OLS: AF = (X§Xo) ™ X Yo.
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Vector heterogeneous autoregressive model

® Heterogeneous autoregressive (HAR) model for long-range dependent
volatility: [Corsi, 2008]

® Multivariate extension: [Bubdk et al., 2011]
® Penalization using adaptive lasso: [Baek and Park, 2021]

Daily {Y.} follows VHAR:

Y. =0DY, ; +0MY™) 4 oMY™ 4 ¢ te,

® Weekly aggregation: Yﬂ:: : 30 Yo
® Monthly aggregation: YET%:= 32 Yoo
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Relation to VAR
VHAR is constrained VAR(22):

Y= (0@ 45710 £ 227 0MyY, ; + (5710™) 4 2270y, , 4.
+(5710™ 4 227 M)y, 5+ 22720MY, 54+ +2270MY, 5 + ¢+ e,

giving:
Al ,
A, 1 0o 0 0 .. 0 o
= 15 1/5 1/5 0 ... 0 | k]| [e™
; 1/22 1/22 1/22 1/22 ... 1/22 p(mr
A, ~

0
Multivariate regression:

Co O

) b +Zo=: X1P +Zo ~ .%./V(de), /'r_p7 Zs)
Gives OLS: 5 = (X1X;) X Yo.
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Independent normal-Wishart prior

Denote likeihood for reduced form of VAR is:
(Yo | d, %) ~ MN(XoA, In,Ze), n=T—p
Conjugate prior:
(A X)) ~ N (Mo, Q0,%c), (Xe) ~TFIW (Wo,w0)

Minnesota prior by [Litterman, 1986]: based on the stylized facts of
macroeconomic data of US: model using univariate random walk processes

® Assume diagonal

T 2 2 2
Y .:=diag (01, O5yevny crk)
® Minnesota moment for coefficient

® Shrink towards zero for longer lags
® Shrink own-lag less than cross-lag

® Construct MNIW prior using Minnesota
moment
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Minnesota moment

)\2 . .
& j=il=1 2 J=1
E[(A)i] =< " ’ , Var[(A));] = o2 .
[(Ae)] {0 otherwise ar [(Ac)y] 7/%2272 otherwise,
J

® X: Overall tightness
® v < 1: Relative tightness: A > v\ for cross-variable shrinkage
® 1//°: Lag decay
* 07/o7: Scale factor
[Baribura et al., 2010] suggests adding dummy observations to compute prior

moments easily:

diag (10, 0ko) /A diag(1,2,3) @ diag (o1, ...,04) /A Ok

Ok(p—
YH:= . k(p—1)xk 5 XHZ= Ok><kp Ok
diag (o1, ...,0k) , .
0 ke
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Minnesota prior

((D | Ze) ~ .%./V (Mo,Qo,ze), (Ze) ~ JW(‘U(),I/())

where L )
Mo:= ( ;.,XH)_ X;.,YH, Qo:= (X;.,XH)_
ZHZ=YH—XHM07 \U02=Z§_,ZH, voi=k+2

Closed form of posterior distribution based on augmented matrix:
_ | Yo _ | Xo _ | Zo
Y* - |:YH:| ) X* - |:XH:| ) Z* - |:ZH:| )

(A | Ze,Yo) ~ MN (,&, (X Xy) ™ ,zé) . (T | Yo) ~ W ()E vo + n)
where
A= (%)Y, F= (Va-Xud) (Ve - Xih).
Posterior mean is OLS of augmented regression: Yy = Xy ® + Zy
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Minnesota Prior in VHAR

Apply Minnesota prior in BVAR the same: BVHAR-S
— Xl
=[5
In VHAR: &™) and &(™ are related to long memory: BVHAR-L

d j=it=1 22 .
N0 , ol T
E(__): Ci—it=2, v(..)= o2 ,
i w; J ’7? § ar | ®j 229 otherwise.
mp j=il=

Use dummy response as

diag (dio1, ..., dkok) /A

diag(W10'1, ey WkO'k) /)\

diag (mio1, ..., mkok) /A
diag (0'1, e ,O’k)

Y, =
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Minnesota Prior

Hyperparameter Selection

[Giannone et al., 2015] suggested prior selection method based on the
analytical form of BVAR's marginal likelihood. For BVHAR:

[Yo] = 71—*“"/2% det(Qo)’k/z det(Wo)”°/2 det(X'*X*)*k/z det(i)*(VowLn)/Z
Fk (7/0/2)

oc det(€) /2 det(Wp) /% det (X, Xy ) "/ det(5) 0+ /2

Cholesky decomposition for Qo = LpLp and W' = LyL), gives numerically
stable form:

K
fy=argmin{2 log det(Wo) + Zlog m(y) + 1) + I/o;nZlog(nj('y)-l-l)}

Yy j=1

where 7;(v) € R, i = 1,...,3k are the eigenvalues of LpX1X1Lp and r;(7y) € R,
j=1,...,k are the eigenvalues of L, {Z},’ZAH + (D — Mo) Qo(® — Mo)} L.
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Posterior consistency

BVHAR satisfies posterior consistency with MNIW prior:
Eo[Mn (J|® — dof| > €| Yo)] >0 as n— oo,
under the conditions of [Ghosh et al., 2018],

which showed Bayesian VAR's posterior consistency.

Since VHAR's & is linear upon VAR's A, the theory can be easily shown in
BVHAR.

6 Young-Geun Kim, BVHAR, KSS 2024 SKKU 11/26



Posterior Consistency

Simulation Study

Generate true
(¢0, Ze,o) ~ ./ﬂ./VjW(Mo, Qo, \Uo, l/o)

where 02 = 1 and §; = 0.1. 100 samples from the following data generating
processes (DGPs):

® SMALL (k = 10) BVHAR-S with A = 0.2

°* MEDIUM (k = 50) BVHAR-S with A = 0.1

* LARGE (k = 100) BVHAR-S with A = 0.01
with three different sample sizes with T/k = 4,8,12.

Two innovation distributions:
(&) ~ N (0, Xcp0)

° (&) ~ t, (0, VO_I/Zze,o V0_1/2) where Vj is the diagonal matrix whose
elements are the diagonals of above ¥
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BVHAR-S
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BVHAR-S in MVT
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BVHAR-L
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BVHAR-L in MVT
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Posterior Consistency

Relative Estimation Error % and Standard error of |||
Normal MVT (df=3)

K T  BVHARS BVHARL BVHARS BVHARL
0 0.936 0.944 0.866 0.866

(0.0705)  (0.0706)  (0.2027)  (0.2905)
0.874 0.882 0.765 0.764

SMALL 80 | (0o714)  (0.0705)  (0.1684)  (0.1689)
oo | 0839 0.852 0.707 0.706

(0.0783)  (0.0782)  (0.1520)  (0.1511)
200 | 0886 0.886 0.883 0.885

(0.1915)  (0.1903)  (0.2989)  (0.2981)
0.846 0.846 0.855 0.856

MEDIUM =400 | g1467)  (0.1464)  (0.3211)  (0.3208)
o0 | 0838 0.837 0.852 0.853

(0.1456)  (0.1455)  (0.2317)  (0.2315)
w0 | 0978 0.985 0.966 0.975

(0.0126)  (0.0110)  (0.0276)  (0.0258)
0.976 0.981 0.047 0.956

LARGE 800 | (95190)  (0.0168)  (0.0271)  (0.0256)
1200 | 0975 0.980 0.933 0.042

(0.0120)  (0.0106)  (0.0490)  (0.0481)
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h-step-ahead Forecasting

Iteratively apply 1-step-ahead forecasts:
Cy, O
Re= (Ve Ypo o Yo (7))
A S S Cy, O
RTyn1:= (Y/T+h71 o Yra Yro Y 1)<00 1>
Then

(Y1in | X, Yo) ~ N (?T+h,z® (1 + IA?'T+;,_1(X'*X*)71§T+17—1)) .

where R . ~ R R
Yrin=(k® RlT+h71)VeC(¢) = vec (R/T+h71¢) . (1)
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2, e awn Forecasting

Empirical Study

® Volatility index (VIX): Measures the market's fear level
® Calculate volatility using call and put options on S&P500
® Use ETFs (Euro, gold, oil, etc) instead of S&P500

Volatiity index
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Long-Range Dependency

ACF for GVZ CCF for i VXGDX and Gvz
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Out-of-sample forecasting performance measures with VAR(3) as benchmark

RMAFE RMSFE RMAPE RMASE

| h=1 h=5 h=20]|h=1 h=5 h=20|h=1 h=5 h=20|h=1 h=5 h=20|
VHAR | 0964 0.895 0.734 | 0.943 0799 0552 | 0.970 0.891 0.744 | 0.958 0875 0.737 |
BVAR(3) | 0.043 0830 0703 | 0.916 0.737 0494 | 0.945 0811 0718 | 0932 0806 0710 |
BVHAR-S | 0.945 0828 0.681 | 0.915 0.731 0457 | 0.947 0812 0701 | 0.934 0.806 0.688 |
BVHAR-L | 0.937 0798 0.538 | 0.880 0.679 0300 | 0.935 0773 0531 | 0.918 0787 0.540 |
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Forecasting Interval

Model .
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Conclusion

® Minnesota prior and VHAR's long memory structure
® Improves forecasting

® Diagonal structure of X, is possible for structural analysis such as impulse
response

® But nowadays, use a practical setting that has contemporaneous effects in
the model, also with heteroskedastic covariance ¥,

6 Young-Geun Kim, BVHAR, KSS 2024 SKKU 23/26
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Future studies

® Other shrinkage priors: Horseshoe prior, SSVS prior, (hieararchical)
Minnesota prior

e Y71 — ['D7'L: same shrinkage priors on contemporaneous coefficients
(off-diagonal of L)
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Thanks for your attention!

Any questions?

® Based on Kim, Y. G. and Baek, C. (2024). Bayesian vector heterogeneous
autoregressive modeling.
Journal of Statistical Computation and Simulation, 94(6):1139-1157

® For codes,
® R package available in CRAN: bvhar
® Codes for this study: ygeunkim/paper-bvhar
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